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Abstract. The Jacobi group is the semi-direct product of the symplectic group 
and the Heisenberg group. The Jacobi group is an important object in the frame- 
work of quantum mechanics, geometric quantization and optics. In this paper, we 
study the Weil representations of the Jacobi group and their properties. We also 
provide their applications to the theory of automorphic forms on the Jacobi group 
and representation theory of the Jacobi group. 

1. Introduction 

The Weil representation of the symplectic group was first introduced by A. Weil 
in his remarkable paper [12] to reformulate Siegel's analytic theory of quadratic 
forms [31] in group theoretical terms. The Weil representation plays a central role 
in the study of the transformation behaviors of theta series and has many applica- 
tions to the theory of automorphic forms (cf . [HI [TH H3 [20l [2U [251 [321 [33] ) . The Jacobi 
group is defined to be the semi-direct product of the symplectic group and the Heisen- 
berg group. The Jacobi group is an important object in the framework of quantum 
mechanics, geometric quantization and optics [21 [3^ [^ [Trn pll [12^ [2^ [2^ [3^ [131 [62] . 
The squeezed states in quantum optics represent a physical realization of the coherent 
states associated with the Jacobi group [HI [221 E3 E2]- In this paper, we show that 
we can construct several types of the Weil representations of the Jacobi group and 
present their applications to the theory of automorphic forms on the Jacobi group 
and representation theory of the Jacobi group. 

For a given fixed positive integer n, we let 

e n = { n e c {n ' n) l n = *n, imn > o } 

be the Siegel upper half plane of degree n and let 

5p(n,f) = { 5 ef( 2 "» | *gj n g = J n } 

be the symplectic group of degree n, where F^ k)l > denotes the set of all k x I matrices 
with entries in a commutative ring F for two positive integers k and I, l M denotes 
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the transposed matrix of a matrix M, Im ft denotes the imaginary part of ft and 



J n 



In 
-In 

We see that Sp(n, R) acts on H n transitively by 

#-ft = (Aft + + 

where <? = 0^, E Sp(n,M) and ft E M n . 

For two positive integers n and m, we consider the Heisenberg group 

H^' m) = { (A, //;«) | A,jttG R (m '"\ k G R (ro ' w) , k + // *A symmetric } 
endowed with the following multiplication law 

(A, fx; k) o (A', //; k') = (A + A', fj, + //; k + k' + A V - A* *A')- 

We let 

G J = Spin, R) x i4 n ' m) 

(semi-direct product) 

be the Jacobi group endowed with the following multiplication law 

(g, (A, (V , (A', «/)) = (V, (A + + y'; k + k' + \ V - ju 'A')) 

with 5-, flf' G 5p(n, R), (A, /i; k), (A', //; «/) G ^' m) and (A, y) = (A, /i)#'. 

Then we have the natural action of G J on the Siegel- Jacobi space H n)m := H n x 
£(m,n) defined by 

(1.1) (g, (A, /i; k)) • (ft, Z) = (<?-ft, (Z + Aft + /i)(Cft + D)" 1 ) , 

where g = G Sp(n, R), (A, //; k) G H^ ,vn ^ and (ft, Z) G H n)TO . We refer to 



[49]- [53], [56]- [58j for more details on materials related to the Siegel- Jacobi space. 

The aim of this article is to introduce three types of the Weil representations of 
the Jacobi group G J and to study their applications to the theory of automorphic 
forms and representation theory. They are slightly different each other. They are 
essentially isomorphic. However each has its own advantage in applications to the 
theory of automorphic forms and representation theory. 

This article is organized as follows. In Section 2, we review the Weil representation 
of the symplectic group and the Maslov index briefly. In Section 3, we define the 
Weil representation of the Jacobi group G J using a cocycle class of G J in H 2 (G J , T). 
In Section 4, we define the Schrodinger-Weil representation of the Jacobi group that 
is used to study the transformation behaviors of certain theta series with toroidal 
variables. The the Schrodinger-Weil representation plays an important role in the 
construction of Jacobi forms, the theory of Maass- Jacobi forms and the study of Ja- 
cobi's theta sums. We deal with these applications in detail in Section 7. In Section 
5, we recall the Weil-Satake representation of the Jacobi group formulated by Satake 
[31] on the Fock model of the Heisenberg group. In Section 6, we recall the concept 



THE WEIL REPRESENTATIONS OF THE JACOBI GROUP 



3 



of Jacobi forms of half integral weight to be used in a subsequent section. We review 
Siegel modular forms of half integral weight. In Section 7, we present the applications 
of the Schrodinger-Weil representation to constructing of Jacobi forms via covariant 
maps for the Schrodinger-Weil representation, the study of Maass- Jacobi forms and 
Jacobi's theta sums. We describe the works of the author [60], A. Piale [28] and J. 
Marklof [23]. In Section 8, we provides some applications of the Weil-Satake repre- 
sentation of G J to the study of representations of G J which were obtained by Takase 
[36j EH EH] • Takase [36] showed that there is a bijective correspondence between the 
unitary equivalence classes of unitary representations of a two-fold covering group of 
the symplectic group and the unitary equivalence classes of unitary representations of 
the Jacobi group. Using this representation theoretical fact, Takase [3H] established a 
bijective correspondence between the space of cuspidal Jacobi forms and the space of 
Siegel cusp forms of half integral weight which is compatible with the action of Hecke 
operators. 

Notations : We denote by K and C the field of real numbers, and the field of 
complex numbers respectively. We denote by Ml the multiplicative group of positive 
real numbers. C* (resp. M*) denotes the multiplicative group of nonzero complex 
(resp. real) numbers. We denote by Z and Z + the ring of integers and the set of all 
positive integers respectively. T = {z £ C | \z\ — 1 } denotes the multiplicative group 
of complex numbers of modulus one. The symbol ":=" means that the expression on 
the right is the definition of that on the left. For two positive integers k and I, F^- k,v> 
denotes the set of all k x I matrices with entries in a commutative ring F . For a square 
matrix A £ F^'^ of degree k, a(A) denotes the trace of A. For any M £ F^ k ' l \ l M 
denotes the transposed matrix of M. I n denotes the identity matrix of degree n. For 
a positive integer m we denote by S(m) the set of all m x m symmetric real matrices. 
We put i = a/— 1- For z £ C, we define z 1 ^ 2 = \/z so that — n/2 < arg(z 1//2 ) ^ ir/2. 
Furthermore we put W 2 = (^ 1//2 ) K for every k £ Z. For a rational number field Q, 
we denote by A and A* the ring of adeles of Q and the multiplicative group of ideles 
of Q respectively. 

2. The Weil Representation of the Symplectic Group 

Let (V, B) be a symplectic real vector space of dimension In with a non-degenerate 
alternating bilinear form B. We consider the Lie algebra f) = V + ME with the Lie 
bracket satisfying the following properties (2.1) and (2.2) : 



(2.1) 



[X, Y] = B(X, Y)E for all X, Y £ V; 



(2.2) 



[Z,E)=0 forallZ£f). 



Let H be the Heisenberg group with its Lie algebra f). Via the exponential map 
exp : f) — > H, H is identified with the (2n + l)-dimensional vector space with 
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following multiplication law : 

exp(^i + tiE) ■ exp(v 2 + t 2 E) = exp + v 2 + (ti + t 2 + — ^ E 

where v±,v 2 G V and ti,t 2 G R. Let 

Sp(5) = {5 G GL(V) | fl^x, <?y) = y) for all x, y G V } 

be the symplectic group of (V, B). Then Sp(B) acts on if by 

g ■ exp(v + tE) = exp(gv + tE), g G Sp(B), v eV, tel. 

For a fixed nonzero real number to, we let Xm : H — > T be the function defined by 

Xm ( exp(v + tE)) = e 2mm \ v G V, t G R. 

Let [ be a Lagrangian subspace in (V, 5). We put L = exp (I + ME). Obviously the 
restriction of Xm to L is a character of L. The induced representation 

Wi tm = Indfxm 

is the so-called Schrddinger representation of the Heisenberg group H. The represen- 
tation H[ m of W^m is the completion of the space of continuous functions tp on H 
satisfying the following properties (2.3) and (2.4) : 

(2.3) <f(hl)= Xm (l)-Mh), heH,leL 
and 

(2.4) h i— > |y?(/i)| is square integrable with respect to an invariant measure on H/L. 

We observe that Wi >m (exp(tE)) = e 2mmt I Hx m , where m denotes the identity oper- 
ator on U\. m . For brevity, we put G = Sp(B). For a fixed element g G G, we consider 
the representation Wf m of H on iJ [jm defined by 

(2.5) w° m (h) = w l , m (g-h), hEH. 

Since W[ ;7n (exptE) = W® m (exptE) for all t G R, according to Stone- von Neu- 
mann theorem, there exists a unitary operator R^ m {g) : iJ[ )?n — ► iJ[ ;?n such that 
W? m (h)Ri !m (g) = R[, m (g)W[ tm (h) for all h <E H. For convenience, we choose R^ m (l) = 
I h { m , where 1 denotes the identity element of G. We note that R^ m (g) is determined 
uniquely up to a scalar of modulus one. Since Ri, m {g2)~ 1 R{,m{gi)~ l 'Ri,m{gi92) is the 
unitary operator on H{, m commuting with W^ m , according to Schur's lemma, we have 
a map C[ >m : G x G — > T satisfying the condition 

Ri,m(gi92) = c itm (g 1 ,g 2 )Ri im (g 1 )Ri tm (g 2 ), g x ,g 2 G G. 

Therefore R^ m is a projective representation of G with multiplier c^ m . It is easy to 
see that the map c^ m satisfies the cocycle condition 

ci, m (gig 2 , g 3 ) C[, m (5i, 52) = C[ im (#i, g 2 g 3 ) c itm (g 2 , g 3 ) for all 5-1,5-2, 53 e G. 
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The cocycle c l m produces the central extension G^ m of G by T. The group G^ m is 
the set G x T with the following group multiplication law : 

(2.6) (91, h) ■ (g 2 ,t 2 ) := (g x g 2 , hh ci lTn (gi, g 2 )~ 1 ), 91,92 e G, t u t 2 G T. 

We see that the map R^ m : G^ m — > GL(H^ m ) defined by 

Rt, m (g,t) :=tRf, m {g), g G G, t el 
is a true representation of G^ m . 

We now express the cocycle c^ m in terms of the Maslov index. Let [ 1; l 2 , l 3 be 
three Lagrangian subspaces of (V,B). The Maslov index r([ 1; [ 2 , [3) of [ 1; [ 2 and [ 3 
is defined to be the signature of the quadratic form Q on the 3n dimensional vector 
space (i ffi [ 2 © [3 given by 

Q(xi + x 2 + x 3 ) = B(x\, x 2 ) + B(x 2 , x 3 ) + B(x 3 , xi), Xi G k, i = 1, 2, 3. 

For a sequence {\, [ 2 , • • • , Ik} of Lagrangian subspaces li, [ 2 , • • • , (& > 4) in (V, L?), 
we define the Maslov index r(ti, [ 2 , • • • , Ifc) by 

r(li, [ 2 , • • • , Ik) = T(h, l 2 , [3) + r(h, [ 3 , l 4 ) + • • • + r(ti, t fc _i, [fc). 

For a Lagrangian subspace I in (V, B), we put T[(gi,g 2 ) = r(I, (71 [, t7i c/2 for g>i, g 2 £ C. 

Lemma 2.1. Lei ti, [ 2 , • • • , Ik be Lagrangian subspaces in (V,B) with k > 4. Then 
we have 

(a) t([i, t 2 , • • • , Ik) is invariant under the action of G and its value is unchanged under 
circular permutations. 

(b) r(h,k,l 3 ) = -r(l 2 ,h,i 3 ) = -r(h,l 3 ,l 2 ). 

(c) For any four Lagrangian subspaces li, t 2 , [ 3 , [ 4 in (V, B), 

r(h, l 2 , [ 3 ) = r(h, t 2 , [ 4 ) + r(t 2) t 3) l 4 ) + r(l 3 , h, U). 

(d) r(li, t 2 , • ■ ■ , l d ) = t(I u l 2 , [) + r([ 2 , [ 3 , + ■ ■ • + r(l d _ 1 , [ d , t) + r(l d , l x , 1) /or any 
Lagrangian subspace I in (V, B) and d > 3. 

fej I2, 1 3 , = -r(l2, li, I4, Is)- 

(f) For any Lagrangian subspaces ti, l 2 , [3, l[, 1' 2 , 1' 3 in (V, B), we have 

r&, Q = r(h, l 2 , l 3 ) + r(l[, 1' 2 , [ 2 , 10 + r([ 2 , 1' 3 , [ 3 , l 2 ) + r(l' 3 , i[, h, l 3 ). 

(g) n(gig 2 , #3) + nOi, g 2 ) = n{g x ,g 2 g 3 ) + n(g 2 , g 3 ) for all g u g 2 , g 3 G G. 

Proof. The proof can be found in [2TJ. □ 
Theorem 2.1. For a Lagrangian subspace I in {V,B) and a real number m, we have 

ci, m (gi,g 2 ) = e^^^O for all 9l ,g 2 G G. 
Proof. The proof can be found in [2T] . □ 
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An oriented vector space of dimension n is defined to be a pair (U, e), where U is a 
real vector space of dimension n and e is an orientation of U, i.e., a connected com- 
ponent of /\ n U-{0}. For two oriented vector space (ti, e-y) and ({2, e 2 ) in a symplectic 
vector space (V,B), we define 

(2.7) S ((l 1; ei ), (la, e 2 )) := £ ( ([l; 6l)) . 

We refer to [2TJ pp. 64-66] for the precise definition of e((li,ei), ([2,62)). Let M be 
the space of all Lagrangian subspaces in (V, B) and M the manifold of all oriented 
Lagrangian subspaces in (V, B). Let p : M — > M be the natural projection from M 
onto M. Now we will write I for a Lagrangian oriented subspace (I, e). 

Theorem 2.2. Le£ [ 1; I 2 , [3 G M. T/ien 

e -*^o^i)^)) = a (t lj y a (- tj y a (- t) i 1 ). 

Proof. The proof can be found in [2TJ pp. 67-70]. □ 

Let [ be a Lagrangian subspace in (V, B). We choose an orientation [ + on [. Then 
G acts on oriented Lagrangian subspace in (V, B). We define 

(2.8) Sl , m (g)--=sH + ,gl + ) m , geG. 

The above definition is well defined, i.e., does not depend on the choice of orientation 
on [. Since s^mtg^ 1 ) = s^^g)" 1 , according to Theorem 2.1 and Theorem 2.2, we get 

(2.9) c liTn (gi, g 2 ) 2 = s^g^ 1 s {)m (g 2 )~ l s^ m (gig 2 ) for all g x , g 2 G G. 
Hence we can see that 

(2.10) G 2Xm := { (g, t) G G Um \ t 2 = s^g)' 1 } 

is the subgroup of G^ m (cf. Formula (2.6)) that is called the metaplectic group asso- 
ciated with a pair ([, m). We know that G 2 ^ m is a two- fold covering group of G. The 
restriction R 2 ^ m of R^ m to G 2 ^ m is a true representation of G 2 ^ m that is called the 
Weil representation of G associated with a pair (l,m). We note that 

(2.11) R 2Xm (g,t) =tR i>m {g) = s^ m {g)~ l/2 R^ m {g) for all (g,t) G G 2Xm . 
We refer to [9], [151 [21] for more detail on the Weil representation. 



3. The Weil Representation of the Jacobi Group G 

Let V = ]R( m ' n ) x ]R( m ' n ) be the symplectic real veactor space with a nondegenerate 
alternating bilinear form on V given by 

B((X, fi), (A', //)) := a(X V - fi f A' ), (A, //), (A', /x') G E (w,n) . 

We assume that is a positive definite symmetric real matrix of degree m. We 
denote by S(m) the set of all m x m symmetric real matrices. We let 

(3.1) W M :H^ m) ^U{H M ) 
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be the Schrodinger representation with central character ^m((0, 0; k)) = e 2ma ( MK ) I Hm , 
k G S(m). Here H M denotes the representation space of Wm- We note that Wm is 
realized on L 2 (R± m ^) = H M by 

(3.2) (W M (h)f)(x) = e ^{ M ^^ x + 2xt ^)f{x + \), xeR {m ' n \ 

where h = (A,/i; k) G H^ m) and / G L 2 (R^). We refer to [H SSI S3 SE] for more 
detail about Wm- The Jacobi group G J acts on H^'" 1 ^ by conjugation inside G J . Fix 
an element g G G J . The irreducible unitary representation W M of H^' m ^ defined by 

(3.3) Wl(h) :=W M {ghr'), h G H<?' m) 

has the property that W M ((0, 0; k)) = 5^((0, 0; «)) = e 2ni ^ M ^-I HM for all k G S(m). 
According to Stone- von Neumann theorem, there exists a unitary operator Tj^ig) on 
H M such that T M (g)W M {h) = W M (h)T M (g) for all h G ^i"' m) . We observe that 
T M (g) is determined uniquely up to a scalar of modulus one. According to Schur's 
lemma, we have a map cm : G J x G J — > T satisfying the relation 

(3.4) T M (gig 2 ) =c M (gi,g2)T M (gi)T M (g 2 ), g u g 2 eG J . 

Therefore T M is a projective representation of G J and cm defines the cocycle class in 
H 2 (G J ,T). The cocycle Cm satisfies the following properties 

(3.5) CM(hi, h 2 ) = 1 for all hi, h 2 G H^'™^; 

(3.6) c M (g,e) = c M (e,g) = c M (e,e) = 1 for all g G G J ; 

(3.7) CMi^g' 1 ) = c M (g 2 ,g~ 1 )c M (g,g) for all g E G J ; 

(3.8) T M (r X )= CM^r 1 )" 1 ^^)" 1 for all £gG j , 

where e is the identity element of G J . The cocycle cm yields the central extension 
G J M of G J by T. The extension group G^ is the set G J x T with the following group 
multiplication law : 

(3.9) (<7i,*i) • (5-2,^2) = (m2,^2Cm(3i,32) _1 ), fl-i, <?2 e G J , *i,* 2 € T. 
It is obvious that ((I 2n , (0, 0; 0)), l) is the identity element of G J M and 

{g,t)- l = (rS^CM^r 1 )) 

if (#,t) G G^. We see easily that the map Ta^ : G J M — ► U(Hm) defined by 

(3.10) f M (g,t) := tT M (g), (g,t) G G J M 

is a true representation of G^. Here U(Hm) denotes the group of unitary operators 
of H M . For the Lagrangian subspace I = {(0, n) G V | [i G M (m ' n) }, as (2.8) and (2.9) 
in Section 2, we can define the function Sx : G J — > T satisfying the relation 

(3.11) Cm^iJj) 2 = Sm&i)" 1 ^^)" 1 ^^) for all g u g 2 G G J . 
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Then it is easily seen that 

(3.12) G J Mt2 := { (g,t) eG J M \t 2 = SmQ)- 1 } 

is a two-fold covering group of G J . The restriction uo M of T M to G J M2 is called the 
Weil representation of G J associated with M.. 

4. The Schrodinger-Weil Representation 

Let Wm be the Schrodinger representation of H^' m ^ defined by (3.1) in Section 3. 
The symplectic group G = Sp(n,M.) acts on H^' m ' 1 by conjugation inside G J . We fix 
an element g G G. We consider the unitary representation W M of H^' m ^ defined by 

(4.1) WJMh) = W M {ghg-% h G H^ m \ 

Since W M ((0,0; re)) = #m((0,0; re)) = e 27ria ^I HM for all re G S(m), according to 
Stone- von Neumann theorem, W M is unitarily equivalent to Wm- Thus there exists a 
unitary operator Rjn{g) of Hm satisfying the commutation relation Rj^ig) ^m(^) = 
^ M {h) Rm{q) for all h G H^ ,m \ We observe that i?x is determined uniquely up to a 
scalar of modulus one. According to Schur's lemma, we have a map c M : GxG — ► T 
satisfying the relation 

(4.2) Rm(9i92) = c M (gi, 92) Rm(9i)Rm(92), ffi^e G. 

Therefore it^ is a projective representation of G and c» defines the cocycle class in 
H 2 (G,T). The cocycle c M gives rise to the central extension G M of G by T. The 
extension group Gm is the set G x T with the following group multiplication law : 

(4.3) (91, h) ■ (g 2 ,t 2 ) = (9i92,tit 2 c M (g 1 ,g 2 y 1 ), gi, g 2 G G, t 1: t 2 G T. 
We see that the map R M : G M — > U(H M ) defined by 

(4.4) R M (g, t) = t R M (g) , (g, t) G G M 

is a true representation of Gm . For the Lagrangian subspace I = { (0, /i) G V \ fj, G ]R( m,ra ) | , 
as (2.8) and (2.9) in Section 2, we can define the function sm '■ G — >■ T satisfying 
the relation 

(4.5) c M (g 1: g 2 ) 2 = s M {g l )~ 1 s M {g 2 )~ l s M (g 1 g 2 ) for all g u g 2 G G. 
Hence we see that 

(4.6) G 2M = { (g,t) eG M \t 2 = SMigy 1 } 

is the metaplectic group associated with M. G S(m) that is a two-fold covering group 
of G. The restriction R 2i m of Rm to G 2t M is the Weil representation of G associated 
with M. G S(m). Now we define the projective representation tim of G J by 

(4.7) n M (hg) := W M (h)R M {g), h G 4"' m) , 5 G G. 
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We observe that any element g of G J can be expressed in the form g = hg with 
h G H^' m ^ and g G G. Indeed, if g, g\ G G and h, hi G H^' m \ then we have 

TTMihghigt) = -K M {hgh x g^ggx) 

= y^Mihghg- 1 ) R M (ggi) 

= c M (g,9i) (h) W M (ghg^ 1 ) R M (9)Rm (91) 

= c M (g, 9l ) W M (h) W^hr) R M (g)R M ( gi ) 

= c M {g,g l )'W M {K)R M {g)W M {h x )R M {g x ) 

= c M {g,g x )'K M {hg)'K M (h 1 g 1 ). 

In the second equality, we used the fact that H^' m ' is a normal subgroup of G J . 
Therefore we get the relation 

(4.8) K M (hgh 1 g 1 ) = c M (g, g x ) n M (hg) n M (higi) 

for all g,gi G G and h, hi G H^' m \ From (4.8) we obtain the relation 

(4.9) T M (g)=R M (g), c M (g , g') = c M (g , g') for all g, g' G G. 

Thus the representation tt m of G J is naturally extended to the true representation 
u>sw of G 3 2M := G2.M * H^' m \ The representation is called Schro dinger- Weil 
representation of the Jacobi group G J associated with M. G S(m). Indeed we have 

(4.10) <4wM9,t)) = tir M (hg), h G H { ^ m \ (g,t) G G 2M . 
We recall that the following matrices 

t(b) : = h L ^ with any b = % G R {n ' n) , 

g(a) : = a -iJ with any a G GL(n,M), 

an '- = (/„ "o n ) 

generate the symplectic group G = S^n, K) (cf. [HI p. 326], [231 p. 210]). 

The Weil representation R 2 ,m is realized on the Hilbert space L 2 (R( m '")) (cf. [32J, [E]): 

(4.11) {R M {t{b)f) (x) = e 2lti < M * ht ^f{x), b = % G M (n ' n) ; 

(4.12) (R M (g(a)f) (x) = (deta)^/(ar*a), a G GL(n, E), 

(4.13) (i? A ,K)/)(x)= (-) 2 (detJU)* / e- M ^ M ^f(y)dy. 
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According to Formulas (4.11)-(4.13), R,2,m is decomposed into two irreducible repre- 
sentations 

(4.14) R2M — R%,M ® ^2,M' 

where R% M and R^ M are the even Weil representation and the odd Weil representa- 
tion respectively. Obviously the center of G J 2 M is given by 

ZIm = { {(hn, 1), (0, 0; «)) G } - S(m). 

We note that oo^\g 2M = R2M an d u sw(h) — ^m(^) f° r an ^ G H^' m \ 

5. The Weil-Satake Representation 

In this section we discuss the realization of the Weil representation on the Fock 
model and the Weil-Satake representation due to Satake (cf. [31]). We follow the 

notations in Section 3 and Section 4. For g — ( n ^ ] G G, we set 



C D y 

(5.1) J(g,tt) =Ctt + D, Sl6i n . 

Let jWbeanmxm symmetric real matrix. We define the map Jm : G J x H„ m — ► C* 
by 

(5 2) J ((? (Q Z)~) ^TTicr^MlZ+XQ+^^n+D)- 1 ^ e -2nia(^M(Xn t X+2X t Z+K,+ii t X)j 

where g = (g,(X, [i\ k)) G G j with g = G G and (A, /i; k) G H^ ,m \ Here 

M[iV] := l NMN is a Siegel's notation for two matrices M and iV. The Jm satisfies 
the cocycle condition 

Jm(9i92, {$l,Z)) = Jm(9u92 ■ (to,Z)) J M (92, Z)) 

for all 91,92 £ G J and (fl, Z) G H n)m . We refer [31] and [52] for a construction of J^. 

We introduce the coordinates (Q, Z) on H niTn and some notations. 

= X + iF, X = (x MJ/ ), K = (y^) real, 

Z = [/ + iV, U = (uki), V = (v M ) real, 

[dX] = f\ dx^, [dY] = f\ dy^ u , 
[dU} = /\du kh [dV} = /\dv kl . 

k,l k,l 

Now we assume that M. is positive definite. We define the function km '■ H n m — > 
R by 

(5.3) K M {^Z):=e-^^ VMVY - 1 \ 
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We fix an element Q in M n . We let Hj^ q be the complex Hilbert space consisting of 
all complex valued holomorphic functions / on C (m ' n ' 1 such that 

/ \f{Z)\ 2 du M>n (Z) <oo, 

j£(m,n) 

where 

dv Mfl {Z) = (det2M) n (detImtt)- m K M (tt, Z) [dU] A [dV\. 

We define an irreducible unitary representation ^M,n of H^' m ^ on Hm,q by 

(5.4) (%(/»)/) (Z) := Jm (/T\ (O, Z)) - l f(Z - AO - ji), 

where h = (A, //; k) G i7^ n , / G H M q and Z G C^" 1 '™). It is known that for any two 
elements Oi and Q 2 of H n , ^Ow.fii is equivalent to ^Ow,^ (cf- [SI])- Therefore ^m,q is 
called the FocA; representation of i^^ associated with M.. Clearly '^(m i q((0, 0; ft)) = 
e -2mcr(MK) _ According to Stone- von Neumann theorem, is equivalent to #^.m 

(cf. Formula (3.1)). Since the representation n (g G G) of H^' m ' > defined by 
%MQ,{h) = %M,n{ghg~ l ) is equivalent to ^M,n, there exists a unitary operator 

U M ,a{g) of #M,n such that U M ^(g)^ M ^(h) = ^M^{h)U M ^{g) for all h G i^£ 1 ' m) . 
Thus we obtain a projective representation C/m^ of G on Hm,u and a cocycle Cjvi.n : 
G x G — ► T satisfying the condition 

U M ,n(9i92) = CM ! n(g 1 ,g 2 ) U M ,n{gi) U Mt n(g 2 ), g\,g% G G. 
Now cx,n and UmsAq) wm be determined explicitly (cf. [31], [36]). In fact, 

lig^gT 1 ^, g~2 ^) 



(5.5) c Mi n(g 1 ,g 2 ) 
where 



7(^0,0) 



7(n x , fi 2 ) := ( det ( — 1 ) (det Im^) 5 (det Imfi 2 ) 3 , Oi,0 2 GH n . 



2z 

We define the projective representation TM ( n of G J by 

(5.6) T M , n (/i ff ) := W M ,n(h) U M M for all h G ^ n ' m) , <? G G. 
Then t^q satisfies the following relation 

(5.7) r M ,n(gi h) = ^(ft,^) r^n^i) r M ,v.^) 

for all flri = /ii), # 2 = (92, h 2 ) G G J with g u g 2 G G and hx,h 2 G i/"i n ' m) 
We put 

(5.8) f3n(gi,g 2 ) ■= ^(51,32)™, 01,02 e G. 
Then /3q satisfies the cocycle condition and the following relation 

Pci(gi, 92) 2 = 5h(</i) -1 shCflii) -1 sn{g x g 2 ) : g h g 2 G G, 
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where 

s n (g)= IdetJGT 1 ,^- 1 (det J{g~\ ft)) , jeG. 

The cocycle class in H 2 (G, T) defines the central extension Gq = G x T of G by 
T with the following multiplication law 

*i) • {92,t 2 ) = (gig 2 ,tit 2 Ai^i,^) -1 )- 
We obtain a normal closed subgroup G 2 ,n of Gq given by 

(5.9) G 2) n = { (9, t)eG Q \t 2 = Mg)' 1 } . 

We can show that G 2 ,n is a two-fold covering group of G. We set for any g <E G and 
f^i, ft 2 G H n , 

(5.10) efeft.sy, ^-n^-n,) 



We can see that for any element g G G and f2 G H n , the topological group G 2 q is 
isomorphic to G 2t9 .n via the correspondence 

(5-0,^0) >-»■ (#0,^0 e^ 1 ;^-^,^)), (#0,^0) G G 2l n- 
Therefore it is enough to consider only the case ft = il n . We set G 2 := G 2 ,u n - We let 

G 2 J := G 2 x ^' m) 

be the two-fold covering group of G J endowed with the multiplication law 



(g,t),(\,n; K )) ■ ^g',t'),(X',fi';K')^ 
= ((«?, t) ■ (g', tf), (A + A', + //; « + «' + A y - £ 'A')) 

with (g,t),(g',t') G G 2 , (A, /.;«), (A', //;«') G H^ m) and (A, p) = (\,»)g f . 

We note that any element a of G 2 can be written in the form a = h(g,t) with 
h G H^'" 1 " 1 and (<?,£) G G 2 . We define a unitary representation Qm := uJMU n of G 2 
by 

(5.11) Q M (htg,t)) := t m r M , iIn (hg), G 4"' m) , (<?,i) G G 2 . 
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In fact, if h, hi G H^' m> and (g, t), (gi,ti) G G 2 , then we obtain 

Q M (h(g,t)h 1 (g 1 ,t 1 )) 
= u M (h(g, t)hx(g, ty l (g, t)(g 1} h)) 
= u M (h(g, t)hi(g, t)~ 1 {gg 1 ,tti(3 iIn {g, gi)' 1 )) 
= («i) m A/„(^ 9i)- m T M ,ii n {Kg, t^g, t^gg,) 
= (tti) m f3 iIn (g, gi)- m ^ M ,u n {Kg, t)M<7, ty 1 ) u M ,u n (99i) 
= {th) m ^M,ii n {h)^UuS h ^ U m,uM U M ,u n (9i) 

= t m t? T M ,u n (hg) T M ,u n (hi9i) 
= ujM(h(g,t))u M (hi(gi,ti)). 

u)m is called the Weil-Satake representation of G J associated with Ai. In Section 8, 
we discuss some applications of the Weil-Satake representation Qm to the study of 
unitary representations of G J . 



6. Jacobi Forms 



Let p be a rational representation of GL(n, C) on a finite dimensional complex 
vector space V p . Let A4 G IR <Tra > m ) be a symmetric half-integral semi-positive definite 
matrix of degree m. Let C°°(lHI nirn , V p ) be the algebra of all C°° functions on EI njm 
with values in V p . For / G C°°(H njm , V p ), we define 

U\ p ,m[(9,{\h\ «))])(«, ^) 

(6 1) ._ e ~2wia[M(Z+\n+ l i)(Cn+D)- 1 C t (Z+Xn + l i)) x ^vr ia(M(\n t \ + 2\ t Z+K+n t \)) 

x P (cn + D)- l f\g-vi, (z + xn + fi)(cn + d)- 1 ), 

where g = ^ G Sp(n, R), (A, p; k) G H^ m) and (Q, Z) G H n>m . 



Definition 6.1. Let p and M. be as above. Let 

H^' m) := {(A,/i; k) G H^' m) | A, » G Z^ n \ k G Z< m ' m > }. 

A Jacobi form of index Ai with respect to p on a subgroup F ofT n of finite index is 
a holomorphic function f G C°°(M. n m ,V p ) satisfying the following conditions (A) and 
(B): 

(A) f\ pM m = f for all <y ef:=TKHt m) . 
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(B) For each M G r n; /| P;J vj[M] has a Fourier expansion of the following form : 
(f\ P , M [MmZ)= £ E c{T,R).e^ TQ) .e^ RZ ) 

half -integral 

f—T -R\ 

with a suitable Ar G Z and c(T, i?) 7^ onif/ «/ I 2 I ^ 0. 

If n > 2, the condition (B) is superfluous by Kocher principle (cf. [63 J Lemma 1.6). 
We denote by J P) m(T) the vector space of all Jacobi forms of index M. with respect to 
p on T. Ziegler ( cf. [S3] Theorem 1.8 or [7] Theorem 1.1 ) proves that the vector space 
JpM^X) i s finite dimensional. In the special case p(A) = (det(v4)) fc with A G GL(n, C) 
and a fixed k G Z, we write Jk,M (T) instead of J Pi x (r) and call the weight of the 
corresponding Jacobi forms. For more results on Jacobi forms with n > 1 and m > 1, 
we refer to [49j-[53j and [63]. Jacobi forms play an important role in elliptic cusp 
forms to Siegel cusp forms of degree In (cf. [H]). 

Definition 6.2. A Jacobi form f G J Pj m(F) is said to be a cusp ( or cuspidal ) form 
f—T -R\ 

if I \ r t -^ j > for any T, R with c(T, R) 7^ 0. A Jacobi form f G J P) m(T) is said 

to be singular if it admits a Fourier expansion such that a Fourier coefficient c(T, R) 

(— T -R\ 
\ l R M) 

Singular Jacobi forms were characterized by a certain differential operator and the 
weight by the author 



Without loss of generality we may assume that p is irreducible. Then we choose 
a hermitian inner product ( , ) on V p that is preserved under the unitary group 
U(n) C GL(n, C). For two Jacobi forms f\ and / 2 in J pM {T), we define the Petersson 
inner product formally by 



(6.2) (/i,/ 2 >:= / (p(Y2)f 1 (n,Z),p(Y*)f 2 (n,Z)) KM (n,Z)dv, 



n.m yi--im,m 



where 

(6.3) dv = (det y)-(«+ m +!) [dX] A [dY] A [dU\ A [dV\ 

is a G J -invariant volume element on Hn jTO . See (5.3) for the definition of /^(fi, Z). A 
Jacobi form / in J p ^ M (T) is said to be square integrable if (/, /) < 00. We note that 
cusp Jacobi forms are square integrable and that (fx, f 2 ) is finite if one of f\ and f 2 
is a cusp Jacobi form (cf. [63], p. 203). 

We define the map J Pi m : G J x H niTO — > GL(V^) by 

J PiA1 (^,(fi,Z)) = J M (g,(n,Z))p(J(g,n)) (cf.(5.1) and (5.2)), 
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where g = (g,h) G G J with g G G and h G H^' m \ For a function / on M. n with 
values in V p , we can lift / to a function on G J : 

A characterization of $j for a cusp Jacobi form / in J p j^{T) was given by Takase 
[361 PP- 162-164] and the author [51 pp. 252-254]. 

We allow a weight k to be half-integral. For brevity, we set G = Sp(n, M). For any 
g G G and f2, f2' G H n , we note that 



(6.4) £(<7;ir,0) = det"(^ dets f -^-J 

x | det J(^,fi')r V2 |det J(#,ft)r 1/2 . (cf. (5.10)) 

Here J(#, Q) = CQ + D for g = G G (cf. (5.1)). 

Let =y = {S* G O n,n ) [ = *jS r , Re(S') > } be a connected simply connected com- 
plex manifold. Then there is a uniquely determined holomorphic function det 5 on 5? 
such that 

(6.5) (det 1/2 S) 2 = det S for all S G S? . 

(6.6) det 1/2 S = (detS) 1/2 for all S G 5? H M (n ' n) . 
For each integer fceZ and S 1 G J>^, we put 

det fc/2 S = {det^S)". 
For each f2 G H n , we define the function (3n : G x G — > T by 

(6.7) Pn(g 1 ,g 2 ) = e(g 1 ;£l 1 g 2 (ty), g u g 2 eG. 

Then fin satisfies the cocycle condition and the cohomology class of fin of order two ; 

(6.8) (3 n ( gu g 2 ) 2 = a n (g 2 )a n (g 1 g 2 y 1 a n (g 1 ), 
where 

< 6 - 9 > *to>=i£iS » 6G - neH ~ 

For any f2 G H n , we let 

Gn= {G7,e)GGxT|e 2 = a.fe)- 1 } 
be the two-fold covering group with multiplication law 

(gi,ei)(g 2 ,e 2 ) = (gig 2 ,e 1 e 2 f3 n (g ll g 2 )). 

The covering group Gq depends on the choice of Q G H n , i.e., the choice of a max- 
imal compact subgroup of G. However for any two elements fl±,fl 2 G H n , G^ is 
isomorphic to Gn 2 (cf. [38]). We put G* := Gu n . 
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We define the automorphic factor Ji/ 2 : G* x M n — > C* by 

(6.10) Ji/2(ge,to) ■= e- 1 e(g;n,U n )\detJ(g,n)\ 1/2 , 
where g e = (g, e) G Gq with g G G and Q G M n . It is easily checked that 

(6.11) Ji/ 2 {g*K,Q) = Ji/ 2 {g*,h ■ Q)Ji/ 2 {K,Q) 
for all g* = (g, e), h* — (h, rf) G G* and Q G H n . and 

(6.12) J 1/2 (g*, ^) 2 = det(CQ + £>) 

for all g* = (g, e) G G with g = ^ J|gG. 

Let 7r* : G* — ► G be the projection defined by 7r*(g, e) = g. Let T be a subgroup 
of the Siegel modular group T n of finite index. Let T* = 7r~ 1 (r) C G*. Let x be a 
finite order unitary character of T*. Let fc G Z, + be a positive integer. We say that a 
holomorphic function : H n — > C* is a Siegel modular form of a half-integral weight 
k/2 with level T if it satisfies the condition 

(6.13) 0( 7 * • n) = xM JiMi*, n) k <p(n) 

for all 7* G and Q G H n . We denote by M^/ 2 (r,x) be the vector space of all 
Siegel modular forms of weight k/2 with level T. Let Sk/2(X,x) be the subspace of 
Mk/2(T,x) consisting of G M k / 2 (T,x) such that 

|0(fi)| det(Imfi) fe/4 is bounded on H„. 

An element of Sk/ 2 (T, x) is called a Siegel cusp form of weight k/2. 

Definition 6.3. Let Y C T n fre a subgroup of finite index. We put = 7r7 1 (r) and 

r,= r,K^ m) . 

holomorphic function f : M. n>m — > C is said to be a Jacobi form of a weight 
k/2 G |Z (k : odd) with levelY and index M. for the character x o/T* of if it satisfies 
the following transformation formula 

(6.14) /(7* • (ft, Z)) = xM JkMl; (V, Z))f(n, Z) for all 7* G f * 
where Jk,M '■ T* x H nim — > C an automorphic factor defined by 

(6.15) J kM (^,(n,Z)) := e 2 — (^(z+a^^+^-c^z+a^)) 

x e - 2 ™(A4(An *A+2A *Z + « + „ «A)) (% ? 

wnere 7* = (7*, (A, //; /c)) G f * witfi 7 = ^ e T, 7, = (7, e), (A, fi, n) G H^' m) 
and (fl, Z) G H nirn . 
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7. Applications of the Schrodinger-Weil Representation 



7.1. Construction of Jacobi Forms 

We assume that M. is a positive definite symmetric integral matrix of degree m. 
Let ojm be the Schrodinger-Weil representation of G J constructed in Section 4. We 
recall that iom is realized on the Hilbert space L 2 (M. ( - m ' n ^ by Formulas (4.9)-(4.11). 
We define the mapping : H n>m — ► L?(wS m ^) by 

(7.1) ,^ M) (Sl, Z){x) = e ma {M(xn*x+2x*z)}^ ^ z) e e n>m , x G M (m ' n) . 
For brevity we put := ^ M \Vl, Z) for (O, Z) G H n , m . We put 

We observe that Gl acts on M n . m through the natural projection of onto G J . Let 
■Jm '■ x Hn,m — y C x be an automorphic factor for G% on H n m defined by 

(7 2) J* M (g (Vt Z)) = e nia ( M ( z + xn +v)(cn+D)- 1 c t {z+\n+n)) 

where = ((g, e), (A,^;«)) G with = f ^ ^) G ^( n ' IR )' (^^ K ) e i 4"' m) 
and (fi, Z) G H njm . 



Theorem 7.1. Lei m fre an odd positive integer. The map <£( M ^ ; M r , 
L 2 (R( m >")) denned &y (7.iJ zs a covariant map for the Schrodinger-Weil represen- 
tation ojm of G J and the automorphic factor J* M for G^ on H njm defined by Formula 
(7.2). In other words, ^^ M ^> satisfies the following covariance relation 

(7-3) <»m&)*$ = Jm&i^Z))- 1 *™^ 

for all g* = ((g, e), (A, li; w) G G{ and (O, Z) G M rhm . 

Proof. The proof can be found in [21] (cf. |60j). □ 

For a positive definite integral matrix Ai of degree m, we define the holomorphic 
function Q M : M. n ^ m — > C by 

(7.4) 8jw(n,^)= E e " CT ( M( ^ +2 * tz) ), (n,Z)GH n|TO . 

^ gZ (m,n) 

We can prove the following theorem. 
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Theorem 7.2. The function ®m is a Jacobi form of weight ~ an d index 4^ with 
respect to a discrete subgroup T J Mif := T M ^ x f/^ °f^t f or a suitable arithmetic 
subgroup Tm ofY n with Tm,* = CH^m)- That is, Qm satisfies the functional equa- 
tion 

(7.5) Q M (7* ■ (O, Z)) = p M ( lm ) J* M (7*, (Q, Z))Q M (Q, Z), (Q, Z) G M n>m , 

where pM is a suitable character of T M ^ and 7* = (7*, (A, p; k)) G T j m ^ 
Proof. The proof can be found in [60] when M. is unimodular and even integral. 
In the case M. is a symmetric positive integral matrix of odd degree m such that 
det (A4) = 1 with a special arithmetic subgroup Tm,*, the proof can be found in [6"T] . 
In a similar way we can prove the above theorem. □ 

According to Theorem 1 and Theorem 2, we see that the theta series Qm is closely 
related to the Schrodinger-Weil representation of the Jacobi group G J . We note that 
the theta series 

(7.6) 6(fi) = e nia{AntA \ neu n 

is a Siegel modular form of weight | with respect to the theta subgroup r of r„, 
that is, G satisfies the following functional equation 

(7.7) 6(7 ■ n) = C(t) (det(CQ + D))* 0(fi), ft G H„, 

where £(7) is a character of r e with |C(7)| 8 = 1 and 7 = G r e . We refer to 



pp. 189-201] for more detail. Indeed the function : M n — > L? (R n J defined by 

(7.8) &(n)(x) = e " 4<j(xntx) , n G H n and x G E n . 

is a covariant map for the Weil representation u of Sp(n, M.) and the automorphic 
form 3i : Sp(n,R) x H n — > C x defined by 

(7.9) ^i{g,n)= (det(CQ + D))\ Q G W n 

with g = G Sp(n, M). More precisely, if we put j^n := J^(ft) for brevity, 

the vector valued map & satisfies the following covariance relation 

(7.10) u(g)& n = (det(Cn + D))"* j^. n 

for all g G Sp(n, R) and f2 G H n . We refer to [21] for more detail. This is a special 
case of Theorem 1 and Theorem 2. 



7.2. Maass- Jacobi Forms 



Recently in the case n = m — 1 A. Pitale [2H] gave a new definition of nonholo- 
morphic Maass- Jacobi forms of weight k and m G Z + as eigenf unctions of a certain 
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differential operator C k,m , and constructed new examples of cuspidal Maass-Jacobi 
forms Ff of even weight k and index 1 from Maass forms / of weight half integral 
weight k — 1/2 with respect to To (4). Moreover he also showed that the map / i— > Ff is 
Hecke equivariant and compatible with the representation theory of the Jacobi group 
G J . We will describe his results in some detail. 



For a positive integer N, we let 

a b 



T (N) 



G SL(2, Z) c = (mod N) J 



be the congruence subgroup of SL(2, Z) called the Hecke subgroup of level N. Let (25 
be the group which consists of all pairs (7, 4>(t)), where 7 = G GL(2,IR) + 

and (/>(t) is a function on EI such that 

1 /2 

4>{t) = t det( 7 ) with t G C, |t| = 1. 

The group law is given by 

(7.11) (71, 0i (r)) .( 72 ,«/» 2 (r))= (7i72,0i(72-r)0 2 (r)), 7 = ^ ^ GGL(2,M)+. 

Then there is an injective homomorphism To (4) 1— > (25 given by 

(7.12) := (l,j(l,r)), 

where 7 = ^ ^ j £ To (4) and 

c \ -1 A cr + rf )V /2 ^(7" r ) 



with 



and 



dJ d \\ C T + d\J 9{t) 
0{t) := y 1 / 4 J2 * 



,,2-Kin 2 T 



£<2 



1, if d = 1 (mod 4), 
z, if d = 3 (mod 4) 

And (§) is defined as in [321 p. 442]. 

For an integer k G Z, we define the slash operator ||fc-i/2 on functions on EI as 
follows : 

(7.13) (/lk-i/ 2 (7,0)) (t) := /( 7 -r)0(r)-( 2fc - 1 ). 
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Definition 7.1. A smooth function f : EI — > C is called a Maass form of weight 
k — 1/2 with respect to r (4) if it satisfies the following properties (M1)-(M3) : 

(Mi) /|U_i/27*= / M««7er (4). 

(M2) A k _ 1 / 2 f = Af for some A 6 C, where A k _i/ 2 is the Laplace- Beltrami oper- 
ator given by 

(MS) f(r) = 0(y N ) as y — ► oo for some N > 0. 

If, in addition, f vanishes at all the cusps of To (4), then we say that f is a Maass 
cusp form. 

We denote by M fc _x/ 2 (4) (resp. Sfc_iy 2 (4)) be the vector space of all Maass forms 
(resp. Maass cusp forms) of weight k — 1/2 with respect to T . As shown in [TB] or 
[27], if / G Mfc_i/2(4), then / has the following Fourier expansion 

(7.15) /(r) = ^cW^i^, (27i\n\y)e 2mnx , 

nGZ 

where A = — {1/4 + (//2) 2 } and W^ v {y) is the classical Whittaker function which is 
normalized so that W^ u (y) ~ e~ y ^ 2 y^ as y — > oo. If / G 6\_i/ 2 (4), then we have 
c(0) = in (7.15). We define the plus space by 

(7.16) M+_ 1/2 (4) := {/ G il4_ 1/2 (4) | c{n) = whenever (-l^n = 2,3 mod4) } . 
We set 

5+ 1/2 (4) :=M+ 1/2 (4)nS fc _ 1/2 (4). 
For a given integer fceZ and m G Z + , we let 

(7.17) jf m (g, (r,z)) := e *ri«»{*-c(*+Ar+M) 9 (cr+d)-i+AV + 2Az+A, 1 } x ' <> ' 



cr + d\ 

be the nonholomorphic automorphic factor for G J on EI x C, where g = (g, (A, fi; k.)) 
with 9=y c y e 5L ( 2 > M )> A, /x, k G R and (r, z) G H x C. For £ G G J (M), (r, z) G 
EI x C and a smooth function F : EI x C — > C, we set 
(7-18) {F\ ktm g){T,z) := j^ m (g, (r,z))F(g • (r,z)). 

Let T J := SL(2, Z) x be the discrete subgroup of G J (R) := 5L(2, E) x H^' 1} . 

Definition 7.2. A smooth function F : EI x C — ► C is called a Maass-Jacobi form 
of weight k and index m with respect to Y J if it satisfies the following properties 
(MJl)-(MJS): 

(Ml) F(7 • (r, z)) = j fc n ,m(7, (r, z)) -1 !^, z) /or a// 7 G T J and (r, z) G M x C. 
C fc > m F = A fc , m (/)F /or some A fe , m (/) G C. 
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(MS) F(t, z) = 0(y N ) as y — > oo for some N > 0. 

If, in addition, f satisfies the following cuspidal condition 

(7.19) jf jf F^J ^ (0,/x;0)(r,^ e-^^+^dxd/x = 

/or a// n, r G Z s«c/i t/iai 4mn — r 2 = 0, t/ien we sa?/ that f is a Maass-Jacobi cusp 
form. 

In (M2), C k,m is the G J (R) -invariant differential operator defined by 

c k,m F = _ F _ 2 (j- f yF Tf -(k-l)(T-f)F f -k(T-f)F T 
8 

+ k{T - f) F zz + t^F fzz + k{T ~ f) F z - z 
87TZ m 47r« m Am m 

+ (T 7 )(Z "^ F,„ - 2 (r - f )(, - J) F TI + <^ 

4 7U m 4 7TZ Ul 

+ I till! + MlZf) ^ Fffl + ( r ~^-^) F 



I - zz I . . - 1 222- 

mm J 4mm 



We denote by ( resp. J^l^ usp ) the vector space of all Maass-Jacobi forms (resp. 
Maass-Jacobi cusp forms) of weight k and index m with respect to T J . 

For a Maass form / G M fc ^ 1 ^ 2 (4) with G 2Z, he defined the function Ff on EI x C 

by 

(7.20) F f (r,z) := / (0) (r) e (0) (r,^) + f {1 \r) & {1) (t,z), (t,z) G M x C. 

We refer to [Ml pp. 96-97] for the precise definition of / (0) , 9 (0) and 6 (1) . Pitale 
[28] showed that if / G M+_ 1/2 (4) with jfe G 2Z, then F/ G Jg, and F/ G 
if and only if / G S^y^A). Furthermore he showed that if A k _i/ 2 f = Af, then 
C k ' l F f = 2AF f under the assumption / G M+_ 1/2 (4) with jfe G 2Z. 

For an odd prime p, the Jacobi Hecke operator T p on J^ 1 } (cf. p. 168] or [3, p. 41] 
is defined by 

(7.21) T P F:= £ J2 ^lM(det(M)- 1 / 2 M(A,/i;0)). 

A/GSL(2,Z)/Z< 2 ' 2 ) (A, M )e(Z/pZ) 2 
dct(M)=p 2 
gcd(M)=l 



Theorem 7.3. Lei / G S^y^A) (k G 2Z) fre a Hecke eigenform with eigenvalue X p 

for every odd prime p. Then T p = p k ~ 3 ^ 2 X p Ff for all odd prime p. Namely Ff is also 
an eigenfunction of all T p for every odd prime p. 

Proof. The proof can be found in [281 PP- 104-106]. □ 
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Let / be a Hecke eigenform in S'^_ 1 / 2 (4) (k G 2Z) such that for every odd prime p 

we have T p f = X p f and A k _i/ 2 f = Af with A = \{s 2 — 1). Let ttj = <S>7T/, P be the 
irreducible cuspidal genuine automorphic representation of a two-fold covering group 

SL(2, A) of SL(2, A) corresponding to / (cf. [121 p. 386]). Now we let F f be the Maass- 
Jacobi cusp form in j^ cus p constructed from an eigenform / G S~^_ x , 2 {4) (k G 2Z) 
by Formula (7.20). Then is an eigenform of all T p for every odd prime p and 
is an eigenfunction of the differential operator C k)1 . We lift Ff to the function 
on G J (A) as follows. By the strong approximation theorem for G J (A), we have the 
decomposition 

(7.22) G J {A) = G J {Z) G J {R) U p<OD G J {Z p ). 

If 9 = 19ook G G J (A) with 7 G G J (Z), ^ G G J (R), k G n p<00 G J (Z p ), we define 

(7.23) $ Ff {g) := {F^g^i, 0). 

Let LT^ be the space of all right translates of $f. on which G J (A) acts by right 
translation. Pitale [2H] proved that 

(7.24) Il Ff = n f ®ul w , 

where Wg W is the Schrodinger-Weil representation of G J (A) (cf. [5]). 

Remark 7.1. For a Siegel cusp form of half integral weight, we have a result similar 
to Formula (7.24)- See [5] for the case n = 1 and [38, 39J for the case n > 1. 

Remark 7.2. Berndt and Schmidt [5 J gai>e a definition of Maass-Jacobi forms differ- 
ent from Definition 7.2. Yang 157] gave a definition of Maass-Jacobi forms using 
the Laplacian of an invariant metric on the Siegel-Jacobi space H n x C <m,ri ' ) in the 
aspect of the spectral theory on L 2 (T^\M n x O m ' n -M. 



7.3. Theta Sums 

We embed SL{2,R) into 5p(n,R) by 



(7.25) SL(2,R) 3 (« ^) "(J 

Every map M = ^ G SX(2,R) admits the unique Iwasawa decomposition 

where r = x + % y G Hi and < 9 < 2n. Then SL(2, R) acts on Hi x [0, 2vr) by 

(7.26) M ■ (r, 9) := (M ■ r, 9 + arg(cr + d) mod 2vr) , 

where M = ^ ^ G SL(2,R), r G Hi and 6* G [0, 2tt). 



= e 


-inn sign(ci C2C3)/4 




if x < 0, 


{: 


if x = 0, 




if x < 0. 




e = 


Z/7T, V G Z, 
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We put 

G J n y.= %l)Klff». 
We take .M = 1 in Section 4. Then we let W = Wm, R = Rm an d c = cm (see 

Section 4). If M; = (°* J* ) e SX(2,R) for z = 1,2,3 with M 3 = MiM 2 , then the 

co cycle c is given by 

c(Mx,il 

where 

sign(x) 

For (r,0) G 5L(2,R), we define 

(7.27) R(t,0 
where 

ae ~ | 2v + 1 if ^tt < 9 < [y + 1)tt, i/ G Z. 

Then is a unitary representation of the double covering group of SL(2,M.) (cf. 
[21]). Obviously R(i,6)R(i,6') = R(i,6 + 6'). 

We see that 

(7.28) c4 w ((£;t)(r,0)) = £(r, 0), 

where u>l w denotes the Schrodinger-Weil representation of (see Formula (4.10)). 

Here (f ; t) G H^' 1] and (r, 0) is considered as an element of Sp(n, K) by the embedding 
(7.25). 

We denote by <S(R n ) the vector space of C°°-functions on IR n that, as well as their 
derivatives, decrease rapidly at oo. For any / G iS(R n ), Jacobi's theta sum for / is 
defined to be the function 

(7.29) 9/(r,0;£,t) ■= E [ w sw((6*)M))/] (a), 

aeZ n 

where (r, 9) G SL(2,R) ^ Spin, E) and G H^ A) with £ = (A,//), A,/i G R n 
and tel. For f,g£ <S(IR n ), the product of theta sums of the form 



9/(t,0;£,*) e s (r,0;f,t) 
is independent of the t-variable. 

Let us therefore define the semi-direct product group 

G[n\ := SL(2,R) x R 2n 

with multiplication law 

(M,0(M',f') = (MM', £ + M£'), M,M' G 5L(2,M), ^'eR 2n 
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The set 

r N =={((: tyeSHW,*^} 

with s = *(~, |, • • • , |) G IR n is a subgroup of G[n]. We can show that T[n] is 
generated by 

((; »•((« ;)■©)■ ((s :).-). 

We put, for brevity, 

0/M;O := 0/M;£,O). 
J. Marklof [23] proved the following properties of Jacobi's theta sums. 

Theorem 7.4. Let f and g be two elements in iS(IR n ). Then 

(1) 0/(t, 9; £) s (t, 0; £) zs invariant under the action of the left action ofT[n]. 

(2) For any real number R > 1, we have 

0/M;O e 9 (r,0;O 

= Z/ n/2 E /• ((« - /*) f V2 ) 9o((a-^)y^) + R {y~ R ) , 

where r = x + i y G Hi, £ = (A, /i) A, /i G 1R™ and 

Proof. The proof can be found in [231 PP- 432-433] . □ 

The above properties of Jacobi's theta sums together with Ratner's classification of 
measures invariant under unipotent flows (cf. [291 [30]) are used to prove the important 
fact that under explicit diophantine conditions on (a, (3) G M 2 , the local two-point 
correlations of the sequence given by the values (m — a) 2 + (n — f3) 2 with (m, n) G Z 2 , 
are those of a Poisson process (see [23j for more detail). 



8. Applications of the Weil-Satake Representation 

In this section we provide some applications of the Weil-Satake Representation 
uj m := uJM,u n t° the theory of representations of the Jacobi group G J . Throughout 
this section, for brevity, we put G := Sp{n, R). We will keep the notations and the 
conventions in Section 5. We recall the notations G 2 = G 2j u n and G 2 = G 2 x H^ ,m ^ 
in Section 5. For a real Lie group (5, we denote by & the unitary dual of (3. We define 



THE WEIL REPRESENTATIONS OF THE JACOBI GROUP 25 

the following projections 

P2 ■ G 2 — >G, (g,t)\ — > g, 
p J :G J ^G, (g,h)^g, 
pi:Gi^G J , ((g,t) 1 h)^(g,h), 
P2,j : G{ — > G 2 , ((g,t),h)^(g,t). 
Let 2f be the center of G J . Obviously 2f S S(m). 

Proposition 8.1. Let xm be the character of 2f defined by Xm{ k ) — e 2nta ' ( - M ' i ^ 
with k E 2f. We denote by G 2 (xm) the set of all equivalence classes of irreducible 
representations rj of G 2 such that tj(k) = XmI^) 1 f or a ^ K £ ^ ■ We put tt = Trop 2J 
for any tt E G 2 . Then the correspondence 

G 2 >Gi(x M ), 7TI — >tt®l) m 

is a bijection from G 2 to G 2 [xm) ■ Furthermore tt is square integrable if and only if 
tt <S> ljm ^ square square integrable modulo 2f. 

Proof. The proof can be found in □ 

We now consider a holomorphic discrete series representation of G J . Let K be the 
stabilizer of the action (1.1) at il n . Then 



A + iB E U{n) 



Thus K can be identified with the unitary group U(n). Let (p, V p ) be an irreducible 
representation of K with highest weight p = (pi, ■ • • , p n ) £ ^ n such that pi > - • • > 
Pn > 0. Then p can be extended to a rational representation of GL(n, C) that is also 
denoted by p. The representation space V p of p has a Hermitian inner product ( , ) on 
V p such that (p(g)u,v) = (v,p(g*)v) for all g E GL(n,C), u,v E V p , where g* = t g. 
We define the unitary representation r p of K by 

(8.1) Tp(k) := p(j(k,il n )), k E K. 

For all g = (g, h) E G J with g E G and (fl, Z) E H nim , we define 

(8.2) Jp M (g,(Q : Z)) := J M {g,{n, Z)) p{J{g,n)). (see (5.1) and (5.2)) 
We note that for all g E G J , (O, Z) G Hn, m and u,v E V p , we have the relation 

( J P j«(g, (to,Z))u,v) = (u,Jp iM (g,(n,Z))*v), 

where 

J pM {g,(Q,Z)Y = J^,(^,Z))p(*J(^)). 

We let E P)- yvf be the Hilbert space consisting of Vp-valued measurable functions / on 
H n>m satisfying the condtion 

(/,/) = ll/H 2 = / (p(Y)f(n,z)j(n,z)) KM (n,z)dv, 
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where Km(^, Z) and dv are denned in (5.3) and (6.15) respectively. We let K J : = 
K x S(m) be a subgroup of G J . The representation U Pi m := Ind^j(p® Xm) induced 
from a representation p ® is realized on E Pi _a4 as follows: for any g G G J and 
/ e E PiA4 , n PiA1 is given by 

(8.3) (n pM (g)f) (tt, Z) = J p>M (g, (fi, Z^fig- 1 • (0, Z)). 

Let HI Pj _A/i be the subspace of E P) _^ consisting of holomorphic functions in Ep^. It is 
easily seen that M p> m is a closed subspace of E Pi _m invariant under the action of T1 p ,m ■ 
We let 7T 

Takase 



Pj M be the restriction of H Pj m to Hp^. 



proved the following result. 



Theorem 8.1. Suppose p n > n + y. Taen 7^ and 7Tpx an irreducible 

representation of G J which is square integrable modulo 3? . Moreover the multiplicity 
of p in the restriction 7T P} m\k °f ' n p,M t° K equal to one. 

We let 

K 2 = p 2 \K) = { (k, t) g K x T I t 2 = det J(k, il n ) } . 
The Lie algebra t of K 2 and its Cartan subalgebra f) are given by 



A 
B 



-B 
A 



>(2n,2ra) 



A + M. = 0, B 



f B 



and 





c 



-c 





)(2n,2ra) 



c 



Here diag (ci, C2, 
'0 -C 



by A, 



C 




diag(ci,c 2 , ■■■ ,c n 

denotes the diagonal matrix of degree n. We define Xj G f)\ 
/ — 1 Cj. We put 

nij G -Z, nil > ■ • • > nij — G Z for all i, j 



We take an element A = ^?=i m i-^i ^ Let r be an irreducible representation of 



K with highest weight r = (n, • • • ,r n ) G Z n , where 7j = rrij — m n (1 < j < n — 1). 
Let t|a] be the irreducible representation of K 2 defined by 

(8.4) r [x] (k,t) := t 2m "-r(J(k,tI n )), (k,t) G K 2 . 

Then mi is the irreducible representation of K 2 with highest weight A = (mi, ■ • • , m n ) 
and A 1 — > mi is a bijection from M + to K 2} the unitary dual of K 2 . According to 
p~5| Theorem 7.2], we have a decomposition of the restriction Qm\k 2 into irreducible 
components : 

&M\K2 = © "^A^A], 
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where A runs over 

s n 

A = r A + — Yl X i e M+ ( s = Min 

3=1 3=1 

Tj G Z such that T\ > r 2 > • • ■ > r s > 
and the multiplicity is given by 

Ti - Tj 



m *= n 

l<i<j<m ^ J 

where Tj = if j > s. Let G 2 ,d be the set of all equivalence classes of square integrable 
irreducible unitary representations of Gi- The correspondence 

7r i — > Harish-Chandra parameter of 7r 

is a bijection from G24 to A + , where 

A + = < ^^mjAj G M + mi > • • ■ > m n , mi — rrij 7^ for all i j > . 

See [21] . Theorem 10.2.4.1 for the details. 

We choose an element A = 5^2=1 m i ^ 7rA ^ ^ 2 > d ^ ne representation 

corresponding to the Harish-Chandra parameter 

n 

The representation 7r A is realized as follows (see [IT], Theorem 6.6): Let (t,V t ) be 
the irreducible representation of K with highest weight r = (n, ■ • • , r n ), Tj = m, — 
m n ( 1 < j < n - 1 ). Let be a Hilbert space consisting of V^-valued holomorphic 
functions <p on M n such that 

M 2 = / (t(Y) (p(n), <p(Q)) (det Y) m " dv n < 00, 

where efo n = (det Y)-^ n+ ^{dX] A [dF] is a G-invariant volume element on H n . Then 
7r A is realized on ffl x as follows : for any a = (g, t) G G2 and / G J^ x , 

(8.5) (fi) = J [A] (a- 1 ,fi)- 1 /(^ 1 ^) 

for all cr = (g, t) G G 2 and / G Here 

J [A] (a, n) = ( i A/„ 0/, 2" 1 ) I det J(<7, fl) | * ^^1™" r( J(<7, O)) . 

Theorem 8.2. Suppose r n > n + f . We pu* A = E^ifa ~ f )Aj G M+. T/ien tfae 
unitary representation 7t T ,M P2 °/ ^2 ^ s unitarily equivalent to the representation 
(tt A °P2,j) <8> u M . 
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Proof. The proof can be found in [37]. □ 

Using Theorem 8.2, Takase [39] established a bijective correspondence between the 
space of cuspidal Jacobi forms and the space of Siegel cusp forms of half integral 
weight which is compatible with the action of Hecke operators. For example, the 
classical result (cf. [7J and [T3]) 

(8.6) J fe c 7(r„) = s fe _ 1/2 (r (4)) 

can be obtained by the method of the representation theory. Here T n denotes the 
Siegel modular group of degree n and r (4) denotes the Hecke subgroup of r„ . 
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